In this article we solve a general class of sextic equations. The solution follows if we consider the j-invariant and relate it with the polynomial equation's coefficients. The form of the solution is a relation of Rogers-Ramanujan continued fraction. The inverse technique can also be used for the evaluation of the Rogers-Ramanujan continued fraction, in which the equation is not now the depressed equation but another quite more simplified equation.
Introductory Definitions
We will solve the following equation 
using the j-invariant and the Rogers-Ramanujan continued fraction.
For |q| < 1, the Rogers Ramanujan continued fraction (RRCF) (see [2] , [3] , [4] ) is defined as
From the Theory of Elliptic functions the j-invariant (see [5] , [8] (1 − q n ).
In what follows we use the following known result (see Wolfram pages 
The general hypergeometric function is defined as The standard definition of the elliptic integral of the first kind (see [7] , [8] , [15] ) is:
K(x) = π 2 2 F 1 {1/2, 1/2}; {1}; x 2 = π 2 2 F 1 1/2, 1/2; 1;
In the notation of Mathematica we have
The elliptic singular modulus k = k r is defined to be the solution of the equation:
In Mathematica's notation
The complementary modulus is given by k ′ r = 1 − k 2 r . (For evaluations of k r see [5] , [15] , [16] ). Also we call w r := √ k r k 25r noting that if one knows w = w r then (see [2] ), knows k r and k 25r .
Theorems
Proposition 1. (see [2] ) If q = e −π √ r and r real positive then we define
Theorem 1. Let a, b, C 1 be constants. One can solve the equation
finding r > 0 such that j r = 250C
Then (15) have solution
Proof.
For to solve the equation (15) find r such that
Consider also the transformation of the constants
, with inverse
where x 1 satisfies 3125m + 250x 1 ml
If we set x 1 = lx, then it is
or equivalently 3125 + 250A r + A
Relation (19) is equivalent to equation (6) , in view of (7). Hence from Proposition 1
and the proof is complete.
The j-invariant is connected with the singular modulus from the equation
We can solve (21) and express k r in radicals to an algebraic function of j r . The 5th degree modular equation which connects k 25r and k r is (see [3] ):
We will evaluate the root of (1) first with parametrization and second with Rogers-Ramanujan continued fraction and the Elliptic-K function. For this it have been showed (see [19] ) that if
setting the following parametrization of w:
we get
(25) where M = 18 + L 64 + 3L From the above relations we get also
Hence we can consider the above equations as follows: Taking an arbitrary number L we construct an w. Now for this w we evaluate the two numbers k 25r and k r . Thus when we know the w, the k r and k 25r are given from (24),(25),(26). The result is: We can set a number L and from this calculate the two inverse elliptic nome's. But we don't know the r. One can see (from the definition of k r ) that the r can evaluated from equation
Hence we define
However is very difficult to evaluate the r in a closed form, such as roots of polynomials or else when a number x is given. Some numerical evaluations indicate us that even if x are algebraic numbers, (not trivial as with k (−1) 2 −1/2 = 1 or the cases x = k r , r = 1, 2, 3, . . .) the r are not rational and may even not algebraics.
The algebraic representation of X
We know that (see [2] ):
where x L = k r is the singular modulus which corresponds to some L.
The procedure is to select a number L and from (24),(25) evaluate w L , x L and
The solution X = X(L) of (1) is (29) and for this L holds
(33)
Hence we get the next:
One can find parametric solutions of (1) 
L . The C 1 must be
Note. i) The above solution (37) works for parametric solutions (setting a L), as also for solutions which we know r, k r and k 25r . 
The inverse functions method
From the analysis in [2] , the solution X of (1) can reduced with inverse functions as follows: Consider the function
The equation U (x) = t have known solution with respect to x, which we will call x = U (−1) (t). Hence
The function k (−1) (x) is that of (28).
Theorem 3.
The equation (1) have solution
where
Notes. 1) Observe here that we don't need the value of w and the class invariant j.
2) From [10] we have
Hence the solution can expressed also in theta functions. That is if α = k r , r = 1, 2, 3, . . . then the solution of (1) reduced to that of evaluation of RogersRamanujan continued fraction R(q) with q = e −π √ r . In view of [10] we have
Example 1. The equation
hence a solution is
For this r the X is a solution.
Continuing one can set to
any value X = X 0 and C 1 = 1 then evaluate
equation (42) holds always and we get that
where j r = 250a
The result is the following parametrized evaluation of the Rogers-Ramanujan continued fraction
Theorem 4.
and j r = 25000t
Corollary. If 3 A 2 r j r = rational then A r is of the form
If for a certain r > 0 we know the value of R(e −π √ r ) in radicals, then we can evaluate both k r and k 25r and the opposite. Hence again form (6) we find j r/25 and from (21) the value of k r/25 . But from relation (53) bellow knowing k r and k r/25 we can evaluate all k 25 n r , n = 1, 2, . . . and consequently k 25r as a special case. The oposite follow from Proposition 1.
Theorem 6.
The solution U 0 of the equation
and
Proof. Consider (1), then make the change of variable U 0 = X 2 +250X +3125, we arrive to (47). The Legendre inversion theorem states that the solution of y = af (y) (see [7] pg.132-133) is
This theorem works for j r small, for example with j 1 = 1728 it converges very slowly but for r such that j r = 800, (r-complex) we get numerical evaluations and hence also theoretical. 
Using the formula
Theorem 7 is for numerical evaluations since the hypergeometric series can more easily computed than the (n − 1)th derivative of the 5n/3 power of 125 − √ 12500 + x.
Corollary.
For every 'suitable' value of x 0 such that X r = x 0 : (a), X r is of (47b) exists a r solution of (a) such that Then clearly j = j r = 800 and a solution is 
From the value of x L we obtain j rL and hence the corresponding C 1 in radicalsclosed form and hence X = X L from (37) and (31). The numbers a, b take arbitrary values. We note here that in future application of this method one must tabulate values of (r, w r ) and not j r or k r which follow from these of w r . This can be done in some cases using the Main Theorem in [16] and the solution (37) of Theorem 2 of the present paper. (49)
then 
By this way we can evaluate every k r which is r = 4 l 9 m 25 n r 0 when k r0 and k r0/25 are known, l, m, n ∈ N.
Note. In the case that
where f , g positive integers, with f < g and p, h = 0(mod4), (a ∈ Z−{−1, 0, 1}), we can find w from a given x = k r which is of the form
where t i , i = 1, 2, 3, 4 rationals. In view of (25) and the action of the command recognize, (which is needed to put number x into his form) the output will be an octic equation with step 2 containing nested square roots: One can see that for these x's the f and g are given from the Diofantie equation
hence the number A will be known and
Hence we have the value of X in radicals.
If for example where
A 1 = 93573266991461291403517623659291588 29148873138738228269392700625
A 2 = 70047382179949155201445598248892391809778079434882871423635278599557376 849656805258255011387371218620407164266412150030875390625
is rational, we can always find k 25r from k r .
where m 5 is the multiplier (see [3] ). Hence
Example 8.
We will find a solution of the equation
in radicals using Theorem 3.
Solution.
It is a = 4, b = 125, and we have to solve j r = 287496 or equivalently r = 4. Hence a solution of (59) is:
The exact root in radicals can be found but is very large and complicated with our method. We give a way how one can obtain it: It is known that
But from the duplication formula (see [4] , [13] ): If u = R(q) and ν = R(q 2 ), then
Hence we find the value of R(e −4π ) in radicals and hence the solution of (59) using (60), (61) In this case it is more convenient to use Mathematica's command Solve. But in other cases these solutions can not found.
From the above result we have shown that One can see that if we set
Then if
where r positive integer in some cases we can evaluate Y τ solving directly the equation (1), with parameters a = 4, b = 125 and C 1 depended on j τ . Some examples are 
We describe the method bellow. For some r positive rational we find the value of j r/5 ; this can be done with the command 'Recognize' of the program Mathematica (if j r/5 is root of a small degree algebraic polynomial equation). Then we find C 1 (from (16)) and for the values a = 4, b = 125 there will be Y τ = root of equation (1).
In many cases of such r, equation (1) 
In general we conjecture that 
where 
where we set A = k + l √ d. Then a starting point for the evaluation of the integers k, l will be the relation
is of degree 4 or 8 and symmetric. Hence it can be reduced in at most 4th degree polynomial, hence it is solvable. Thus it remains the evaluation of Y √ −r4 −1 5 −1 , which can be done with the help of step (ii).
, c integers and 
Proof. Equation (1) for a = 1, b = 250j
τ , C 1 = 1 can be written in the form
where a 1 = −125j 
Hence the solution of (1) can also given in the form
and from (85) we have 2 2/3 a 1/3 b 1/3 (X r X 4r ) 1/3 + 10 · 2 1/3 a b 1/3 (X r X 4r ) 2/3 − 2a 2/3 (X r + X 4r ) = 0 (95)
Note.
One can prove relation (90) using (89),(93) and the duplication formula (see [13] ): R(q 2 ) − R 2 (q)
The same method can work and with other higher modular equations of the derivative but the evaluations are very difficult even for a program.
Another interesting note that can simplify the problem is the singular moduli of the fifth base (see [14] , [15] ):
In this case we have
where β r is the solution of admits solution X = A r .
